We give the definitions of model bicategory and w-homotopy, which are natural generalizations of the notions of model category and homotopy to the context of bicategories. For any model bicategory C, denote by C f c the full sub-bicategory of the fibrant-cofibrant objects. We prove that the 2-dimensional localization of C at the weak equivalences can be computed as a bicategory Ho(C) whose objects and arrows are those of C f c and whose 2-cells are classes of w-homotopies up to an equivalence relation. The pseudofunctor C r −→ Ho(C) which yields the localization is constructed by using a notion of fibrant-cofibrant replacement in this context. When considered for a model category, the results in this article give in particular a bicategory whose reflection into categories is the usual homotopy category constructed by Quillen.
Introduction
We refer to the notion of model category introduced in [17] . An important feature of model categories is the construction of the localization at a class of arrows, the weak equivalences, as the quotient by the congruence determined by homotopies between arrows. The main contributions of this article are a generalization of the concept of model category to the context of bicategories as well as a corresponding localization construction.
As in dimension 1, a model bicategory consists of a bicategory together with three families of arrows, namely fibrations, cofibrations and weak equivalences, satisfying a set of axioms. The axioms we give, which are similar to the ones given in [3] for the particular case of 2-categories, are a natural generalization to bicategories of those given by Quillen in the sense that they are obtained by requiring the diagrams to commute up to invertible 2-cells, and by considering a 2-dimensional aspect of the lifting properties which relate these families of arrows. In particular, note that when we consider a category as a trivial bicategory, the two notions coincide: it will be a model bicategory if and only if it is a model category. We note that the notion of model bicategory seems like a natural one to explore, if by no other reason simply due to the relevance that each of the two notions (that is, model categories and bicategories) have separately. Despite this fact, we remark that we developed this theory with a particular application in mind which we will briefly describe in the last paragraph of this introduction.
Given a model bicategory C, denote by C f c the full sub-bicategory given by the fibrantcofibrant objects of C. We construct a bicategory Ho(C) whose objects and arrows are those of C f c and whose 2-cells are the classes of w-homotopies (a 2-dimensional version of Quillen's notion of homotopy) up to an equivalence relation. We prove that the 2-dimensional localization of C with respect to the class W of weak equivalences can be computed as Ho(C). More specifically, our main theorem (Theorem 6.1) asserts that there is a pseudofunctor C r −→ Ho(C) which sends weak equivalences to equivalences and has the following universal property:
is a pseudoequivalence of bicategories for every bicategory D; where Hom W,Θ (C, D) stands for the full sub-bicategory of Hom(C, D) given by those pseudofunctors that send weak equivalences into equivalences.
We will introduce w-homotopies as σ-homotopies (that is homotopies which are taken with respect only to the class W) which satisfy some extra conditions. This allows to use previous results of [4] , where for an arbitrary pair (A, Σ) given by a family of arrows of a bicategory we construct a bicategory Ho(A, Σ) whose objects and arrows are those of A and whose 2-cells are formed with σ-homotopies. In this general case there is no vertical composition of σ-homotopies, and thus the 2-cells of Ho(A, Σ) are given by classes of finite sequences of σ-homotopies by an appropriate equivalence relation. Associated with Ho(A, Σ) there is a projection 2-functor A i −→ Ho(A, Σ). To prove Theorem 6.1, we will use the following two results:
A. Ho(C) inherits the bicategory structure of Ho(C, W) in a way that Ho(C) = Ho f c (C, W), that is the full subbicategory of Ho(C, W) given by the fibrant-cofibrant objects. This assignation is not necessarily functorial but if it is composed with C i −→ Ho(C, W), then there are structural 2-cells of Ho(C) which make it into a pseudofunctor r.
We will deduce item A from the following two facts regarding homotopies between arrows of C f c . 1. w-homotopies can be composed vertically: for any pair of composable w-homotopies there is a single w-homotopy representing the composition. 2. For any σ-homotopy there is a w-homotopy in the same class.
Regarding the structural 2-cells mentioned in item B, we note that while some computations for its construction are intrinsic to the passage to bicategories, we were able to avoid a doubling of the complexity by proving a basic lemma (Lemma 5.11) which establishes some properties which are not lost when applying a replacement, and thus can be applied twice.
Using the results A and B, we will prove Theorem 6.1 by considering the following diagram (recall that Ho(C) = Ho f c (C, W))
, in which # is a sort of comparison functor. Note that the left part of the diagram is commutative, but the right part isn't so. Even though C i −→ Ho(C, W) is not in general a localization, it is shown in [4] that it always satisfies that the pseudofunctors C F −→ D that map weak equivalences to equivalences can be extended to Ho(C, W) F ′ −→ D. It also satisfies the corresponding 2-dimensional property. The desired pseudoextension F of such an F to Ho(C) will be given by restricting F ′ , and the result B will allow to explicitly construct the pseudonatural equivalence F r ⇒ F .
When restricted to C f c , the family W satisfies a property (Proposition 3.12) which is analogous to the fact for dimension one that any weak equivalence between fibrantcofibrant objects can be written as a section followed by a retraction. This implies that C f c i −→ Ho(C f c , W) maps the weak equivalences to equivalences, and thus using the properties of the fibrant-cofibrant replacement we can conclude that so does r.
In particular, we can extend r to a pseudofunctor Ho(C, W) r ′ −→ Ho(C). We will show that the composition r ′ inc is the identity of Ho(C), and this will allow to deduce the 2-dimensional universal property of r from the analogous one of i.
Despite the independent interest that the results in this article may have, a motivation for the authors to develop a theory of model bicategories comes from potential applications in the homotopy theory of topoi. Given a site C, the category of coverings with refinements as arrows fails to be filtered, but it underlies a 2-category which is 2-filtered in the sense of [5] . TheČech nerve COV(C)Č −→ SS into the category of simplicial sets followed by the functor SS −→ Ho(SS) into the homotopy category factors through the poset cov(C) of coverings under refinements, which is filtered, and so it determines a pro-object cov(C) −→ SS, that is, it determines an object of the category P ro(Ho(SS)), where the information coded into the explicit homotopies is lost. In [2] , the first two authors developed a 2-dimensional theory of pro-objects which generalizes Grothendieck's pro-objects theory, and in [3] it is proven that a 2-model structure in a 2-category C can be lifted to the 2-category 2-P ro(C), a 2-dimensional generalization of the construction in [9] . This paper, in particular, completes [2] and [3] . TheČech nerve can be seen as a simplicial 2-pro-object, and thus it determines an object of the 2-category Ho(2-P ro(SS)). In particular, shape theory of topological spaces discards the explicit homotopies and works with theČech nerve in the category P ro(Ho(SS)). Strong shape theory works in the category Ho(P ro(SS)), that keeps the information coded in the explicit homotopies, but has the difficulty that thě Cech nerve is not an object of P ro(Ho(SS)). Our results provide a conceptual framework to use theČech nerve in strong shape theory as a object in Ho(2-P ro(SS)), as it is used in shape theory.
Organization
The paper is structured as follows. Section 2 contains preliminaries on bicategories and pseudofunctors. In Section 3 we give the basic definitions of the theory of model bicategories. In Section 4 we define the homotopy bicategory Ho(C) and prove the result A above. Section 5 begins with the definition of the fibrant-cofibrant replacement, and then we construct the pseudofunctor r as explained in B. Section 6 consists of Theorem 6.1 and its proof.
Preliminaries
While the theory of bicategories is nowadays well-established, it is still convenient to explicitly define its basic concepts in order to fix the notation that we will use throughout the paper.
A bicategory C consists of all the following:
1. A family of objects that we will denote by X, Y, Z, . . . .
2.
For each pair of objects X, Y ∈ C a category C(X, Y ) whose objects are the arrows X f −→ Y of C and whose arrows are the 2-cells α : f ⇒ g between those arrows. Thus we have a vertical composition of 2-cells which we denote by "•", and identity 2-cells "id f ".
We abuse the notation by denoting indistinctly f
Note that for any 2-cell α as above we have α • f = α = g • α, and in particular f • f = f .
For each
. This is a horizontal composition which we denote by " * ", for each configuration X
All these data has to satisfy the following axioms:
H2. For each configuration X
This is the "Interchange law"
In order to avoid parenthesis, we consider " * " more binding than " • ", thus (δ * β) • (γ * α) above could be written as δ * β • γ * α.
4. Finally, part of the structure of C is given by the identities, the unitors and the associator as follows: I. For each X ∈ C, we have a 1-cell
We will use these same letters θ, ρ, λ for any bicategory, and we will denote the inverses of these 2-cells also by the same letters. The unitors and the associators are required to satisfy the well-known pentagon and triangle identities ( [15, XII, 6] ) and are required to be natural in each of the variables.
Coherence. There is a well-known coherence theorem (see for example [14] ) which generalizes the coherence theorem for tensor categories. Given any sequence of composable arrows in a bicategory, the parenthesis determine the order in which the compositions are performed. The coherence theorem states that the arrows resulting of any choice of parenthesis (and adding or subtracting identities) are canonically isomorphic by an unique 2-cell built with the associators and the unitors. This justifies the following abuse of notation which greatly simplifies the computations: -2.1. We write any horizontal composition of arrows omitting the parenthesis and the identities. In this way, the associator and the unitors disappear in the diagrams of 2-cells.
Elevators calculus. In addition to the usual pasting diagrams, we will use the Elevators calculus 1 to write equations between 2-cells. In this article, each elevator represents a composition of 2-cells in a bicategory. Objects are omitted, arrows are composed from right to left, and 2-cells from top to bottom. Axiom H2 shows that the correspondence between elevators and 2-cells is a bijection. Using the basic move (2.2) we form configurations of cells that fit valid equations in order to prove new equations.
, one for each triplet X, Y, Z ∈ C. As with the associators and unitors, we will omit the subindexes of ξ and φ, and use the same letters for the inverses. The following equalities are required to hold: 
For each
We will often use the naturality of φ, thus we make it explicit:
Pseudofunctors, pseudonatural transformations and modifications can be composed in order to define, for each pair C, D of bicategories, a bicategory Hom(C, D). We omit the details as they are ubiquitous in the literature. (which we call a quasiinverse of f ) and isomorphisms g * f ∼ = id X , f * g ∼ = id Y . It is well-known that these isomorphisms can be taken satisfying the usual triangular identities, and we will assume that this is the case when needed.
It is considerably well-known that a pseudonatural transformation θ : 
Model bicategories
Recall that a weak factorization system in a category C consists of a pair (L, R) of classes of arrows such that every arrow in the category can be factored as the composite of an arrow in L followed by an arrow in R, and the arrows of L have the left lifting property with respect to the arrows of R. A model category involves two weak factorization systems, and this will also happen for the model bicategories considered in this paper, with the notions correctly adapted to the 2-dimensional case. We begin by giving the notion of lifting property for a pair of arrows in a bicategory. Note that a stronger notion in which the lifting is required to be universal is considered for factorization systems (not weak) in 2-categories in [6, 1.3,1.4] . 
In this case, we say that (f, λ, ρ) is a filler for the left most diagram in (3.2).
LP2. Given two diagrams as in the left side of (3.2) p * a 1 
By the Limit of F (also known as bilimit in the literature, see for example [13, §6] , but note our use of an initial capital letter) we refer to a universal pseudocone in the sense that postcomposition with it yields an equivalence of categories (instead of an isomorphism as in the pseudolimit case). We will consider Initial objects, Products, Pullbacks, Comma-objects and their dual coLimit versions Terminal objects, coProducts, Pushouts and coComma-objects. We refer primarily to [1, 1.7-1.9] for details on these Limits, [13] is also a convenient reference. We only remark that the difference between Pullbacks and Comma-objects is that the 2-cell in the square diagram of the definition is invertible in the case of Pullbacks.
We denote the coProduct of X and Y by X ∐ Y and its inclusions by i 0 , i 1 . Given arrows X f −→ Z, Y g −→ Z, we denote the induced arrow (note that this is an abuse of notation since the arrow is not unique) by 
M3. Fibrations (respectively cofibrations) are closed under composition and Pullbacks (respectively Pushouts). Every equivalence is a fibration and a cofibration. If there is an invertible 2-cell f ∼ = g and f is a fibration (resp. a cofibration), then so is g.

M4.
If a morphism f is the Pullback (resp. Pushout) of a fibration (resp. cofibration) which is also a weak equivalence, then f is a weak equivalence. M5. The class of weak equivalences satisfies the "3 for 2" axiom: for every three arrows f, g, h such that there is an invertible 2-cell gf ∼ = h, whenever two of the three arrows are weak equivalences, so is the third one. Also, every equivalence is a weak equivalence.
Remark 3.5. Axiom M0 above is the bare minimum regarding Limit existence that we can ask for. We can consider stronger completeness axioms depending on the context: MC0. C has all conical finite Limits.
MW0. C has all weighted finite Limits. A notion of 2-model 2-category was introduced in [3] , where axiom MW0 was considered. Our reason for considering axiom M0 here is that the coTensor {I, X} with the generic isomorphism (that is the category I of two objects and an isomorphism between them) fits in a diagram
given by the inclusion {0, 1} ⊂ I. Under certain assumptions this is a functorial path-object for X (see [18] ), though we note that we have not investigated this line. Also, note that to construct the injective model structure in 2-Pro(C) ( [2] , [3] ) MC0 suffices.
Regarding axiom M1, note that we ask for the lifting property according to our Definition 3.1. Condition LP2 of this Definition was not considered in [3] , but it is needed for the results of Section 5. For the rest of the article, except when we consider the more general case of a pair (C, W), C will denote an arbitrary model bicategory.
Definition 3.8. We say that an arrow in C is a trivial (co)fibration if it is simultaneously a (co)fibration and a weak equivalence.
We will use the following notation:
Definition 3.9. Let X be an object of C.
1. We say that X is a fibrant object if the morphism X −→ * is a fibration.
We say that X is a cofibrant object if the morphism 0 −→ X is a cofibration.
We denote by C f , C c , C f c the full subbicategories of fibrant, cofibrant and fibrant-cofibrant objects (i.e. objects that are both fibrant and cofibrant) respectively. We denote with the same letters F , coF , W the restrictions of these families of arrows to the three bicategories.
Remark 3.10. Note that 0 and * are denoting the Initial and the Terminal object respectively given by axiom M0. More explicitly, 0 satisfies that for each X ∈ C, there exists a morphism 0 −→ X ∈ C up to unique invertible 2-cell, and dually for * . In the previous definition the abuse of saying "the morphism" is justified by axiom M3.
It is well known that any weak equivalence between fibrant-cofibrant objects of a model category can be factored as a section followed by a retraction, both of them weak equivalences, and that this fact can be used to prove Whitehead's theorem (see [ 
The last statement of the proposition clearly holds. We will show that i is a w-section, dually it follows that p is a w-retraction. Using axiom M1, we have
as desired.
The homotopy bicategory of a model bicategory
We fix throughout this section a model bicategory C. We will define a notion of w-homotopy between arrows of C, which is analogous to Quillen's notion of homotopy for model categories. Our objective is to show that there is a bicategory Ho(C) whose objects and arrows are those of C f c , and whose 2-cells are the classes of w-homotopies under an equivalence relation, which will be the localization of C at the weak equivalences. We will introduce w-homotopies as σ-homotopies (that is homotopies which are taken with respect only to the class W) which satisfy some extra conditions. This allows to use previous results of [4] , where where for an arbitrary pair (A, Σ) given by a family of arrows of a bicategory there is a construction of a bicategory Ho(A, Σ) whose 2-cells are formed with σ-homotopies. However, unless a vertical composition can be defined, the 2-cells of Ho(A, Σ) consist of the classes of finite composable sequences of σ-homotopies.
In §4.1 we will show that w-homotopies can be vertically composed, and in §4.2 we will show that for any σ-homotopy between arrows of C f c there is a w-homotopy in the same class. This will allow to give Ho(C) the bicategory structure of Ho(C, W).
Definition 4.1. We consider any pair (C, W) given by a family that we call weak equivalences of a bicategory C. Let X ∈ C. A σ-cylinder C (for X) is given by the data
is part of a model bicategory structure, then a w-cylinder is a σ-cylinder such that Z = X, x = id X , and the arrow
Let f, g : X → Y ∈ C. A left σ-homotopy H from f to g, which we will denote by f
We say that a σ-cylinder (in particular a w-cylinder) is fibrant if the arrow s is a fibration. We use the same terminology for homotopies.
Note that the abuse of saying "the arrow
is a cofibration" is justified by axiom M3.
-4.2. In this section we will work only with left σ-homotopies, and thus omit to specify it. We record, for its use in next section, the dual structure of a right σ-homotopy f
It is given by H = (C, h, η, ε), where C = (W, Z, d 0 , d 1 , y, s, α 0 , α 1 ) and this data fit as
Remark 4.3. For any X ∈ C, we can construct a fibrant w-cylinder for X as follows. We use axiom M2 and factorize
By the universal property of the
The concepts of w-cylinder and w-homotopy are the bicategorical analogues of Quillen's notions in [17] . The following is the bicategorical equivalent of Quillen's [17, 1, Lemma 2]. Proof. By definition of X ∐ X, the fact that X is cofibrant and axiom M3, we have that
A similar reasoning shows that d 1 is also a trivial cofibration. Since X is cofibrant, it is clear that then so is W .
An important consequence of the previous lemma is that any fibrant w-homotopy between objects of C f c is inside C f c :
g be a fibrant w-homotopy as in Definition 4.1. If X is cofibrant and Y is fibrant, then W is a fibrant-cofibrant object.
We will define now an equivalence relation between w-homotopies, in a way such that its classes will form the 2-cells of a bicategory Ho(C). This relation has been considered more generally in [4] for σ-homotopies, we recall this now. 
it is clear that is suffices to show that G F C = GF C. By the definition of GF C, this amounts to showing that GF s * G F C = GF α, which follows applying G to the equation defining F C.
Remark 4.9. It is the composition α = α −1 1 • α 0 which is used in order to determine the class of a σ-homotopy. Different pairs of 2-cells α 0 , α 1 can yield the same 2-cell α. As an example (which will be relevant later) consider any σ-homotopy H as in Definition 4.1, and define
, and
-4.10. On the composition of homotopies with arrows. Consider arrows X
r * g, and it is immediate to show that F (r * H) = F r * F H (see [4, Prop. 3.24, 3] for a proof). Note that if H is a w-homotopy, then so is r * H, and thus this can be used to define a composition r * [H] = [r * H] of Ho(C).
Dually, given an arrow X ′ ℓ −→ X, we can define a σ-homotopy H * ℓ and show that F (H * ℓ) = F H * F ℓ (see [4, Prop. 3.24, 4] ). We note however that, if H is a w-homotopy it is not clear how to define a w-homotopy H * ℓ satisfying this equation. In the 1-dimensional case [17] , this is solved using the dual notion of right homotopy. In §4.2 below we will show that, for fibrant-cofibrant objects, any σ-homotopy admits a w-homotopy in the same class. Thus this is the way in which the composition [H] * ℓ in Ho(C) is defined, as a w-homotopy in the same class of H * ℓ. 
g and in this way a bicategory Ho(C, W) is defined. Its objects and arrows are those of C, the 2-cells are the classes of finite sequences of composable σ-homotopies, horizontal composition is given as in 4.10 and vertical composition is defined by juxtaposition. Together with Ho(C, W) there is a projection 2-functor C which is the identity on objects and arrows and maps a 2-cell µ of C to the class of a σ-homotopy I µ which satisfies that F I µ = F µ for any (C, W)
. We refer to [4] for more details on this construction, as we will not need them here.
For an arbitrary pair (C, W), i is not the localization of C at W, since i(f ) will not be in general an equivalence for each weak equivalence. However i(f ) will always satisfy the "faithful" part in the definition of quasiequivalence: Proof. We deal with f * first, note that it suffices to consider the case of a single σ-homotopy Z / /
[H]⇓ / / X. Then it suffices to put f = r in 4.10. The case of f * is dual, putting f = ℓ.
-4.13. We consider Ho f c (C, W), that is the full subbicategory of Ho(C, W) given by the fibrant-cofibrant objects. The following two facts, which will be showed in §4.1 and §4.2 will allow to give Ho(C) the bicategory structure inherited from that of Ho(C, W).
1. w-homotopies of Ho f c (C, W) can be composed vertically: for any pair of w-homotopies
f 3 representing the composition. 2. For any σ-homotopy of Ho f c (C, W) there is a w-homotopy in the same class, which furthermore is fibrant.
Another way of expressing the above is: 1 and 2 state that Ho f c (C, W) can be taken as a definition of the bicategory Ho(C), since it satisfies the description of the first paragraph of Section 4.
Vertical composition of w-homotopies
A situation in which σ-homotopies can be vertically composed has been considered in [4, Lemma 3.37]:
Lemma 4.14. Assume that we have X f 1 ,f 2 ,f 3 / / Y , and σ-homotopies f 1
:
Assume also that
Furthermore, H can be constructed as follows. Take the σ-cylinder
, with α 0 and α 1 defined as the compositions
Then H is given by H = (C, h, η, ε), with η and ε defined as the compositions
We will compose w-homotopies by showing that they can be made to fit in this situation, and that the resulting σ-homotopy is in fact a w-homotopy. This is a generalization of Quillen's construction of [17, Lemmas 3, 4 ] to bicategories, which will be possible if we assume a further condition in the definition of model bicategory, namely the additional axioms:
MM0. C has Comma-objects and coComma-objects.
MM3
. Fibrations (respectively cofibrations) are closed under Comma-objects (respectively coComma-objects).
MM4.
If a morphism f is the Comma-object (resp. coComma-object) of a fibration (resp. cofibration) which is also a weak equivalence, then f is a weak equivalence.
Note that these axioms hold automatically if every 2-cell of C is invertible. Also note that, since we are working with left homotopies, we will use only the coComma case of these axioms.
Y ∈ C and w-homotopies
Note that this means that for any 2-functor C 
, and h, γ 1 and γ 2 are induced by the 2-cell h 1 * d 1 1
. Note that by construction all the hypothesis of Lemma 4.14 are satisfied (the arrow s is a weak equivalence since b 1 is so by axiom MM4 and Lemma 4.4). 
in which the upper triangle commutes (up to isomorphism) by the definition
, the left square is a Pushout and the right square is a coComma object. Using axioms M3 and MM3, it follows that the top horizontal arrows in the squares are cofibrations and thus so is . Then, assume furthermore that Y is fibrant, and use Proposition 4.30 below. However, we preferred to give this proof because the vertical composition of w-homotopies is independent of the results which lead to Proposition 4.30 (which assume Y fibrant).
Relating σ-homotopies and w-homotopies
-4.17. In this section we will prove item 2 in 4.13. Our strategy for finding a fibrant w-homotopy in the same class of an arbitrary σ-homotopy will consist on finding for any σ-cylinder C a fibrant w-cylinder C ′ which is linked to C by a finite sequence of cylinder morphisms, and using that in this case a σ-homotopy H (with respect to C) determines a w-homotopy H ′ (with respect to C ′ ) in the same class. 2. Given all the data in the previous definition except for α , if ℓ is a quasiequivalence they can be uniquely defined in order to have C 1 and a morphism
Lemma 4.21. Let f
g be σ-homotopies (with the notation of Definition 4.1) with σ-cylinders C 1 , C 2 respectively, and a morphism
as in Definition 4.18. Assume there exists an invertible 2-cell
Proof. Recalling Definition 4.7, let (C, W)
. From Definition 4.18, it follows that α 2 equals the composition
We start by showing that the 2-cell F C 2 equals the composition
By applying F s 2 * (−) to this composition, and comparing it with the value of the 2-functor F at the composition in (4.22) above, it follows that it suffices to show that F (s 2 * k) * F C 1 equals the composition
This follows from axiom W1 applied to the configuration F X
Therefore, the 2-cell F H 2 is the composition
By looking at the expression of the 2-cells η 1 and ε 1 in the hypothesis of the lemma, it follows that in order to show F H 2 = F H 1 it suffices to show that F (h 2 * k) * F C 1 equals the
which follows from axiom W1 applied to the configuration F X 
homotopies (with the notation as in Definition 4.1) with the same σ-cylinder C. Assume there exists an invertible 2-cell h
2. ε 1 equals the composition h 1 * c
We develop now the strategy envisaged in 4.17. The following lemmas lead to Proposition 4.30, which states that for arrows with fibrant codomain, each σ-homotopy has a fibrant w-homotopy in the same class. Clearly item 2 in 4.11 follows from this. Proof. We use axiom M2 to factorize
Then we use axioms M1 and M5 in order to have
. The existence of the desired H ′ follows then by Corollary 4.24, item 1, using the following diagram (to be compared with (4.19))
g be a σ-homotopy as in Definition 4.1, with W a fibrant object.
Then, there is a fibrant σ-homotopy f
Proof. We use axioms M2 and M5 to factorize
Then we use axiom M1 in order to have
. The existence of the desired H ′ follows from Corollary 4.24, item 1, taking h ′ = h * m, ρ = h * ε : h ′ * k = ⇒ h and considering the diagram
Remark 4.28. The previous two lemmas admit a unified proof using Corollary 4.24 only once. However we consider that the proof in two separate steps is easier to follow.
g be a fibrant σ-homotopy, then there is a fibrant w-homotopy
Proof. We proceed in two steps. In step 1., we will show that given H as in the hypothesis, there exists
, which is still fibrant and such that Z ′ = X and x ′ = id X . In step 2., we will show that given H satisfying these extra conditions, there exists a fibrant w-homotopy H ′ (i.e. satisfying the condition that
1. We consider in the diagram below the Pullback W ′ of s and s * d 1 (recall axioms M3 and M4 so that s ′ results a trivial fibration). From the universal property of the coProduct (recall our notation from 3.3), we have a 2-cell 
It is clear that the equality above is equivalent to the following two equalities
Recalling from Remark 4.9 the definition of the σ-cylinder C 1 , we note that these equalities are those defining a morphism C ′ −→ C 1 , which allows to use Remark 4.23, item 2 (considering h
2. We use axiom M2 and factorize
We consider the diagram
which by Corollary 4.24, item 2 allows to define the desired fibrant w-homotopy H ′ .
homotopy. Then there is a fibrant w-homotopy H
Proof. Use in turn Lemmas 4.26, 4.27 and 4.29.
Replacement for model bicategories
In this section we will construct a pseudofunctor C r −→ Ho(C) which will be the localization of C with respect to W. We will construct r by developing a fibrant-cofibrant replacement, that is an assignation X
and such that all the RQX are fibrant-cofibrant objects. Note that we will not assume this assignation to be functorial, but when we compose it with C i −→ Ho(C, W) then we will be able to find the 2-cells which make it into a pseudofunctor r.
Definition 5.1. Let C be a model bicategory. We define the following:
• Given an object X, by factorizing 0 −→ X using axiom M2, we construct a cofibrant object that we call QX and a trivial fibration that we call QX p X −→ X. If X is already cofibrant, we choose QX = X and p X = id X .
• Given an arrow X f −→ Y , we use axiom M1 to construct Qf and ρ f :
If X and Y are cofibrant, we choose Qf = f and ρ f = id f .
• Given a 2
If X and Y are cofibrant, we choose Qµ = µ.
Dually, we construct for each X a fibrant object RX and a trivial cofibration
Remark 5.2. Note that, in the case that f is a weak equivalence, both Qf and Rf are also weak equivalences by axiom M5.
The following results, which we state only for Q, admit dual versions for R which we omit to write explicitly. Remark 5.3. Note that Q does not necessarily define a pseudofunctor C −→ C c . In order to have this, one has to pass to the homotopy bicategory, which we will do below.
Proof. 1. From the definition of Qµ we have
, and we conclude that iQµ = id Qf by Proposition 4.12.
2. From the definition of Q in 2-cells we have 
Remark 5.6. We denote by C f c i| f c −→ Ho(C) the 2-functor given by the restriction of i. Since for objects, arrows and 2-cells of C f c we have RQX = X, RQf = f , RQµ = µ, then the restriction of r to C f c equals i| f c .
The proof of the previous proposition will occupy the remainder of this section. Note that it is not at all evident that the definition of r above can be made part of a pseudofunctor structure. It is the technical Lemma 5.11 which will allow us to prove that this is the case by finding the structural 2-cells ξ, φ.
Definition 5.7. We say that a w-homotopy H = (C, h, η, ε) has invertible cells when η and ε are invertible.
11 to be a fibrant w-homotopy with invertible cells.
Proof. We proceed as in Remark 4.3 and construct a fibrant w-cylinder
−→ D be a 2-functor that maps the weak equivalences to equivalences, then F H is the composition
Since by definition we have F s * F C = F α −1 1 • F α 0 , the composition clearly reduces to F µ as desired.
The w-homotopies with invertible cells are the ones that allow to generalize to the context of bicategories the following results which hold for model categories and will be used for the proof of Lemma 5.11.
/ / / / Y ∈ C, and let p * f
p * g be a w-homotopy with invertible cells. Then there exists a w-homotopy f
Proof. We use axiom M1 as follows (recall our notation from 3.3):
using Corollary 4.25. Thus it only remains to check the hypothesis of the Corollary, which become in this case:
But these two conditions are clearly equivalent to the equation ρ *
, which we have from axiom LP1 in Definition 3.1.
We now consider the notion of right w-homotopy, dual to that of Definition 4.1. It arises from considering the opposite model structure on the bicategory C op , which is done exactly as in the 1-dimensional case (note that we reverse the 1-cells but not the 2-cells of C). Explicitly, a right w-homotopy H from f to g is a right σ-homotopy as in 4.2 in which
The notion dual of that of w-cylinder is called w-path-object, and it is cofibrant when the arrow s is a cofibration. Note that the construction in 4.6 can be easily dualized for a right σ-homotopy, and thus Definition 4.7 makes sense when either one or both H, K are right σ-homotopies.
The following lemma is a bicategorical version of [17, I, 1, Lemma 5] , it allows to switch from left to right homotopies staying in the same class. Note also that, used together with its dual, it implies that for fibrant-cofibrant objects, left w-homotopies with invertible cells can always be taken with respect to a fixed w-cylinder. The possibility of considering a fixed w-cylinder is relevant regarding the size of the bicategory Ho(C). We were not able to prove a generalization of the lemma below for homotopies with arbitrary 2-cells (and in fact we don't think it holds), thus for arbitrary model bicategories the results of Section 4 is as far as we can go on the description of Ho(C). Proof. We can construct a cofibrant w-path-object for Y ,
) dually as it is done in Remark 4.3. Note that the construction below can be made for an arbitrary w-path-object C ′ . We define the 2-cell γ 0 as the composition d
and the 2-cell γ 1 as the composition d
By Lemma 4.4, we can use axiom M1 as follows:
We have thus the equalities 1.
1 , and similarly for F C ′ . We show now that [H ′ ] = [H] (note that H ′ is a right σ-homotopy and H is a left σ-homotopy).
By the previous lemma (and its dual version), when we are only interested in classes of homotopies with invertible cells between fibrant-cofibrant objects, we can avoid to mention explicitly if we are working with left or right homotopies.
For any σ-homotopy H between arbitrary arrows (in particular for any w-homotopy), we write [H] for its class in Ho(C, W), but note that for arrows between fibrant-cofibrant objects this class coincides with the class in Ho(C). 
we mean a left w-homotopy with invertible cells.
P2. is identical to the previous one but using item 4 instead of item 3. P3. Since id h * g * f •id h * g * f = id h * g * f •h * id g * f , this axiom follows from item 5 of Lemma 5.11 and its dual version applied one after the other. Nφ. Since id g 2 * f 2 • β * f 2 • g 1 * α = β * α • id g 1 * f 1 , this axiom follows from item 6 of Lemma 5.11 and its dual version applied one after the other.
The localization theorem
The following is the main result of this article: Recall that Ho(C) = Ho f c (C, W). Consider the following diagram (for which the left part is commutative by Remark 5.6, but the right part isn't so):
Given two pseudofunctors Ho(C)
F
The 2-functor # above is defined by the formulas #X = X, #f = f , #[H] = [H], and exists with greater generality for any full subbicategory of C. Note that the equivalence relation defining each of the classes of H is different, but for any two such H, K if F H = F K for any 2-functor (C f c , W) 
For every pseudonatural transformation
Recall also [4, Prop. 3 .54]: the projection 2-functor i maps w-split weak equivalences (see Definition 3.11) to equivalences. Thus, from Proposition 3.12 we have: Proof of Theorem 6.1. r maps the weak equivalences to equivalences since for any such f , RQf is also a weak equivalence by Remark 5.2 and therefore r(f ) = i(RQf ) is an equivalence by Proposition 6.4.
We show now item 1 of the Theorem. Let (C, W)
, we consider its extension F ′ to Ho(C, W) given by Proposition 6.3 and take F as its restriction to Ho(C), F = F ′ inc.
We will define a pseudonatural equivalence F r e F ⇒ F . Note that for X ∈ C, F rX = F RQX and so we define e QX denotes a pseudo inverse of F i QX , see the diagram (6.6) below). Note that it is an equivalence as desired.
For the definition of the 2-cells e F f it is convenient to use the following notation: given an arbitrary 2-cell of C fitting as follows
, we denote by F α the 2-cell given by
Note that F ′ 0 rf = F RQf and so we can define e F f as the following composition:
We will show now axioms PN0-2. The three proofs involve similar ideas, for the sake of exposition it is convenient to start with axiom PN2, for which computations are the easiest. By the definitions of Qµ and RQµ in Definition 5.1 we have the equalities
RQg i QX
Applying F and using axiom P3, it easily follows
B.
Now, the equality in PN2 that we have to show is the following (note that Q(g * f )
Each of these equalities of classes of homotopies implies by definition an equality of 2-cells of D which is obtained applying F . Using 4.10 and axioms P3 and Nφ, it isn't hard to show that these equalities are the following ones:
A.
B. F Q(g * f )
✙ ✙ ✙ t t t t t t t
Now, the equality in PN1 that we have to show is F RQ(g * f )
Using first a triangular equality for the equivalence F i QY , then B and finally A, the reader will be able to obtain the right side starting from the left one. Finally we show axiom PN0. By the constructions of ξ Q (id id X ) and ξ R ξ Q (id id X ) we have the following coming from item 1 in Lemma 5.11:
Similarly to the case of axiom PN1, applying F and using 4.10 and axioms P1 and P2 it follows A.
The equality in PN0 that we have to show is
Using first A, then B and finally a triangular equality, the reader will be able to obtain the left side starting from the right one. To prove items 2 and 3 of the Theorem, since r maps weak equivalences to equivalences we can use Proposition 6.3 and complete the diagram (6.2) to
We will show that the composition r ′ inc equals the identity of Ho(C). On objects and arrows, this follows from the fact that RQX = X and RQf = f for objects and arrows of C f c . For 2-cells, by Proposition 4.30, we can consider a fibrant w-homotopy H of Ho(C). Note that for any Ho(C) F −→ D, since r ′ i = r we have that (F r) ′ , that is the unique extension of F r to Ho(C, W) given by Proposition 6.3, can be given by F r ′ .
We prove now item 2, consider thus F r θ ⇒ Gr. By Proposition 6.3, there is a unique F r ′ θ ′ ⇒ Gr ′ such that θ ′ i = θ. Thus F θ ′ inc = == ⇒ G satisfies θ ′ inc r = θ ′ i = θ. Also, note that we have unicity: if any other θ satisfies θr = θ, by unicity of θ ′ we have θr ′ = θ ′ and composing with inc it follows θ = θ ′ inc. To prove item 3, replace θ by ρ in the argument.
